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ABSTRACT 
           This paper present a mathematical study on drag reduction by polymer additive such 

as poly isobutylene (PIB) with kerosene in turbulent pipe flow by using computational fluid 

dynamic commercial package program (COMSOL 4.4) solution. Theoretically the 

computational study was used to calculate the pressure drop in two dimensions geometric 

model with 6m length and 80 mm width as a diameter of the pipe, Geometric shape has been 

drawing by tools of the program windows, and to simulated the flow region mathematically 

the flow region is divide into very small parts (mesh generation). The model that used in the 

mathematical modelling method was (k-ɛ  ( mathematical turbulent model to study the 

internal pipe flow properties. The continuity and momentum equations and two k-ɛ model 

equations have been solved by the program to obtain the theoretical results. There variables 

that used in the theoretical study were effective density, effective viscosity, inlet velocity, 

and outlet pressure. The boundary condition was inlet and outlet velocity, temperature, and 

pressure of flow, and the velocity (u=0) at the pipe wall. The theoretical calculations show 

that the velocity and drag reduction percentage increases with polymer concentration and 

volume flow rate increasing where maximum DR% is 15.8%  at volume flow rate 500 ℓ⁄min 

with  polymer concentration 100 ppm, pressure drop decreases with polymer concentration 

increasing. Friction factor decreases with polymer concentration increased, also shear stress 

decrease with polymer concentration increasing. 
KEY WORDS: Kerosene flows, polymer additive, pressure drop, drag reduction. 

 

عاقت نجريان اضطرابي نهنفط الابيض باضافت بونيمرأنمودج رياضي نحساب تقهيم قوة الا  
 عـادل عبـاس عـهوان                عهـي جاسـم محمـذ

 جامعـــت بابــــم/ كهيـــت انهنذســــت /قســـم انميكانـيـــك

 

 انخلاصت       

ِع إٌفظ الابٍض فً  (poly isobutylene )عٍى حمًٍٍ الاعالت باضافت بىٌٍّش سٌاضٍت   ٌمذَ هزا اٌبحث دساست          

. ٔظشٌا   COMSOL 4.4 بحً بشٔاِح (CFDخشٌاْ  اضطشابً داخً أبىب  باسخخذاَ دٌٕاٍِه اٌّىائع اٌحسابٍت )

ٍُِ ومطش أبىب.  80ِخش و 6ّٕىرج هٕذسً ثٕائً الابعاد بطىي اٌذساست اٌحسابٍت اسخخذِج ٌحساب فشق اٌضغظ ٌ

سٌاضٍا حمسُ ِٕطمت اٌدشٌاْ  اٌى   وٌّٕزخت ِٕطمت اٌدشٌاْ ,بىاسطت ادواث ٔىافز اٌبشٔاِح اٌشىً اٌهٕذسً حُ سسّه

ٌذساست   (k-ɛ)هى ِىدًٌ اٌشٌاضً الاضطشابً  ,اخضاء صغٍشة خذا . واٌّىدًٌ  اٌّسخخذَ  بطشٌمت إٌّزخت اٌشٌاضٍت

حُ حٍها ِٓ خلاي اٌبشٔاِح   k-ɛِعادٌخً الاسخّشاسٌت و اٌضخُ ,وِعادٌخً ِىدًٌ  .خىاص اٌدشٌاْ داخً الأبىب

ٌٍحصىي عٍى إٌخائح إٌظشٌت . اٌّخغٍشاث اٌخً حُ اسخخذاِها باٌذساست إٌظشٌت وأج اٌىثافت واٌٍضوخت واٌضغظ 

وعٕذ   اٌّائع خشوخهاٌخاسج ووزٌه اٌسشعت اٌذاخٍت. واٌششوط اٌّحٍطت هً سشعت دسخت حشاسة  ضغظ عٕذ دخىي 

 حساوي صفش .  خذاس الأبىب اٌسشعت 

 حٍث اظهشث إٌخائح إٌظشٌت اْ اٌسشعت ؤسبت حمًٍٍ الاعالت حضداد بضٌادة حشوٍض اٌبىٌٍّش وصٌادة اٌخذفك اٌحدًّ        

 100ٌى ا  0ٌخش باٌذلٍمت ِع صٌادة حشوٍض اٌبىٌٍّش ِٓ  500  عٕذ حذفك حدًّ %14.8واْ  %DRحٍث اْ اعٍى  

واْ أحذاس اٌضغظ ٌمً  بضٌادة  حشوٍض اٌبىٌٍّش .وزٌه ِعاًِ الاحخىان والاخهاد ٌملاْ بضٌادة حشوٍض   ,خضء باٌٍٍّىْ

 اٌبىٌٍّش اٌضا. 
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       NOMENCLATURE 

 
Symbol Meaning Units 

DR Drag Reduction --- 

         Acceleration Components on Cartesian Coordinates m/s
2
 

k Turbulent Kinetic Energy N
2
/s

2
 

    Thermal Conductivity of Carbon Steel Pipe W/m. ºC 

   Thermal Conductivity of Pyrex Plastic Pipe W/m. ºC 

    Pressure drop of pure kerosene N/m² 

    Pressure drop with polymer additive N/m² 

  Volume Flow Rate ℓ⁄min 

u  Velocity of Flowing Fluid m/s 

       Velocity Components on Cartesian Coordinates m/s 

r, ө, z Cartesian Coordinates M 

  degree of freedom. --- 

 

 
Greek Symbols 

τ Shear Stress N/m
2
 

ε Dissipation Rate of Turbulent Kinetic Energy m
2
/s

3
 

 Density of Working Fluid kg/m
3
 

e Effective Density of Working Fluid kg/m
3
 

 Dynamic Viscosity kg/m.s 

e Effective Dynamic Viscosity kg/m.s 

ef Dynamic Viscosity of  Working Fluid kg/m.s 

      Turbulent  Dynamic Viscosity kg/m.s 

 

INTRODUCTION 

          The drag reduction phenomenon in turbulent fluid flow through a circular pipe due to certain 

polymer additives with high molecular weight and linear chain, this drag reduction phenomenon is very 

useful in hydrodynamic mechanical application where reducing the frictional pressure drop and shear 

stress of the fluid flow through a pipe, also fluid flow increasing. The technologies due to using full scale 

models in the experimental side led to increase the cost and consumption of time during operating on drag 

reduction studies, because of it need to measurement equipment’s with high expensive and difficult 

operational conditions. So that; the work Computational Fluid Dynamics (CFD) used to simulate the 

hydrodynamics of liquid flow in horizontal pipe to overcome these expensively and difficulties in 

experimental field, then the theoretical work in this study was achieved mathematically to simulate the 

flow region in (CFD)  by using COMSOL 4.4 package program was noted by (Neamah , 2012) 
 

            (Cruz et al., 2004) developed a( model) for turbulent wall flows of viscoelastic fluid at low 

Reynolds number for (k-ɛ) turbulence model. The model used a non-linear molecular viscosity that is 

affected by the turbulent fluctuation and a new damping function was introduced to account for near-wall 

effects. This new function was made equal to the eddy viscosity damping function which was derived 
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taking into account viscometeric and elastic effects. Compression of turbulent kinetic energy is not 

enough good, but the model is able to capture the shift of the1 peak turbulence kinetic energy and2 rate of 

dissipation away from the wall. The decrease in those peak values and of the production of (k), and 

Reynolds shear stress deficit across the pipe. Further developments of the turbulence model are suggested 

at the end. Min et.al., 2003) studied the turbulent drag reduction by polymer additives in a channel1using 

direct numerical simulation. The dilute polymer solution is expressed with an Oldroyd-B model that 

shows1a linear elastic behavior. Simulations are2carried out by changing the Weissenberg number“ at 

Reynolds, number of 4000 and 20000 based on the bulk velocity and3channel height .The “onset 

criterion“ for drag reduction predicted in the present study 4 shows a good agreement with, previous 

theoretical and“ experimental“ studies. In addition, the flow statistics such as the r.m.s. velocity 

fluctuations are also in good agreement with “previous experimental observation. The onset mechanism 

of drag1reduction is interpreted2based on elastic theory, which is one of the most plausible hypotheses 

suggested in the past. The transport1equations of kinetic and elastic energy are derived for the first time. 

It is observed that the polymer stores the elastic energy from the flow very near1the wall and then 

releases2it there when the relaxation time short, showing on3drag reduction. However, when4 the  

relaxation time is1 long enough, the elastic energy stored in the very near- wall region” is transported to 

and released in the buffer and log layers, showing a significant amount of drag reduction.             

           (Paschkewitz  et.al., 2004) presented1a study of the “drag reduction“ induced by2 rigid fibres in a 

turbulent channel “flow by using1direct numerical simulation. The “extra stresses due to the fibers 

are1calculated with the “well-known constitutive equation involving the moments of1 the orientation 

vector. Drag “reductions of up to 26% are1calculated, with the largest “drag reductions observed 

using2non-Brownian fibres and3semi-dilute concentration. These findings suggest that the elasticity 

is1not necessary to achieve turbulent drag reduction. Flow statistics show1 trends similar to those, 

observed simulation of1polymeric drag reduction: Reynolds stress2are reduced, velocity fluctuations 

in1the well-normal and spanwise direction2are reduced while streamwise fluctuations are increased, 

and2streamwise vorticity is “reduced. They observed1strong correlations between2the fibre stresses and 

inter-vortex3extensional flow regions. Based on1 these correlations and2instantaneous visualizations 

of4the flow field, they propose1a mechanism for turbulent drag reduction by rigid fibre additives   
 

             (Dubief et.al. ,2004) showed the numerical simulations of1 turbulent polymer solutions by using 

“FENE-P“ model  are used1to characterize the “action of2 polymers on turbulence in drag: reduction 

flows. The energetics of “turbulence“ was investigated by2correlating the work done by: polymer on 

the4flow with “turbulent structures“. Polymers are found to1store and to release “energy1to the flow in 

“well-organized“ manner. The storage of: energy occurs around near-wall“ vortices as has been 

“anticipated for long time. Quite unexpectedly, coherent release of energy is observed1in the<very near-

wall<region. Large: fluctuations of polymer work are shown1to re-energize decaying streamwise velocity 

fluctuations7in high speed streaks: just above3the viscous sub layer.    

              In the present work the theoretical analysis that will be used can simulate the turbulent flow 

model inside a circular pipe with different concentration of additive and effect on the drag reduction. 

COMSOL 4.4 was used to solve k-ɛ mathematical turbulent model. The momentum equation is resolved 

in the domain, continuity equation was solved, and in the momentum equation a gravitational force and 

surface tension of body forces are taken. The momentum equation depended on the volume of the liquid 

by the properties     ). The Reynolds averaging for turbulence modeling which is applied the Navier-

Stokes equations 
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MATHEMATICAL MODEL   

            There are many steps in the implementation of the theoretical study before getting the result from 

the CFD (COMSOL 4.4) solution. The geometry was a (2D) dimensions model with actual length 6m and 

width 0.08m represent a diameter of the pipe. There are available tools at the program window was used 

to draw demanded geometric shape. Then, the mathematical modelling method of the CFD to simulated 

the flow region was achieved by divided it into small cells and the condition of the flow can kept constant 

or slightly varies. The model that has been used for the flow inside a pipe was k-ɛ model because it suits 

for internal pipe flow. The continuity, momentum differential, and k-ɛ model equation represented by 

variables at any position on the pipe. Iteratively these equations solved until the solution reached to high 

accuracy. Therefor the mesh step is very important; there are two types of mesh in this software (user-

defined and physics-controlled), the better of this mesh is physics-controlled to reach the convergent 

solution, where it has needed very high processer computer. The numbers of domain mesh element effect 

on the result of the drag reduction percentage. There are many cases for the mesh generation during 

divided the flow region into small cells, the mesh generation for many cases which different in number of 

domain mesh elements and number of boundary mesh elements as illustrated in Fig.1. The range of mesh 

from low number to the large number of element about (40000-250000), such as the coarser mesh, coarse 

mesh, normal mesh, and the fine mesh this effected on the drag reduction that calculated theoretically by 

the COMSOL program, where the drag reduction increases with increasing of the number of domain 

mesh elements as shown in Fig.1. 

 Assumption of Fluid Flow 

     There are some assumptions of the fluid flow inside the pipes with additive by application of the 

COMSOL program analysis such as follows: 

1- Incompressible fluid flow. 

2- Steady state fluid flow.  

3- The fluid flow is turbulent.  

4- There is no additional force.  

5- The solution of (kerosene- polymer) is homogenous through all the regions of the pipe. 

6- The viscosity of the solution is constant with time. 

Boundary Condition  

        The boundary conditions can be described in this research as shown in Fig.2.  The velocity of 

kerosene at pipe inlet ( u ) is considered  according to the volume flow rate which are 0.87, 1.55, 1.77, 

and 1.9 m/s .while at the pipe wall the components of the1velocities2in x, y, z- directions are ( u = 0:       

v =10, w =10). The right of domain the outlet pressure in this experimental was      =18.5, 19.5, 20, 21, 

and kPa. From the windows of the COMSOL4.4, it was choice the turbulent flow and selecting k-ɛ 

turbulent model with selecting determining inlet direction and the velocity of the kerosene from 0.87 to 

1.0 m/s depending on the volume flow rate values, then choosing outlet by clicking another one and 

determining outlet direction with outlet pressure (P=    ) from 18.5 to 21 kPa., this values feeding to the 

COMSOL program to getting results.   

Governing Equations 

         The solved governing equations in the theoretical work was the continuity, momentum equation in 

three dimensions that which used in the COMSOL 4.4 program for the theoretical work to obtain on the 

theoretical results is continuity, and momentum equation, these are in three dimensions.  The pressure 
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drop was predicted by momentum equation and the velocity estimated by continuity equation. to solving 

the problem some terms must be eliminated and the time dependent terms must be eliminated for the 

steady state analysis. Hence, the final form in three dimensional steady state continuity and momentum 

described by (Yuan, 1970) as:  

    The continuity equation: 

    

   
 

   

   
 

   

  
                                                                                                                       

  The momentum equations:  equation (2) in r- direction, (3) in Ө- direction, and (4) in z- direction  
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For the turbulent case the effective viscosity  

          +                                                                                     

         In present numerical simulation, the k-ɛ turbulent model will be used, which is suitable for internal 

pipe flow and at the cost of less computational time. In this turbulence model, the eddy (       presented in 

the terms of turbulent kinetic energy dissipation rate (ɛ ) as follow: 

       
  

 
                                                                 

COMSOL 4.4 was used to solve the partial differential equations in the two equations model with 

turbulent kinetic energy k and turbulent kinetic energy dissipation rate ɛ are detailed by COMSOL user 

(manual 4.4) as:   
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Virtual values of the various constants in this model are shown in table.1                                                   
COMSOL Results Validation 

       This program used to solve the partial differential equations with high technique in the field of 

pressure drop, velocity, and DR% in turbulent fluid flow, and is focused on flow additives. The number 

of degrees of freedom of the flow 3 ,and can be captured by DNS is limited by the available 

computational power, and the number of mesh elements, then the work on this program achieve by 

personal computer with an incepted processor and memory. The result of COMSOL program of drag 

reduction with concentration for (PIB) was validated by the results of theoretical work of (Shahath, 

2015). As shown in Fig.3, where the results give accepted agreement between the theoretical results of 

this work and theoretical results of (Shahath).   

RESULTS AND DISCUSSION 

          This mathematical investigation gives the relationship between the concentration of polymer 

additive with drag reduction pipe flow and the effect of polymer concentration with different temperature 

on the pressure drop, shear stress, and friction factor. The theoretical results that obtain from the program 

that by feeding the inlet velocity and outlet pressure which was measured by ultrasonic flow meter and 

pressure transducer device respectively in experimental work of the same subject, with changing the 

polymer concentration from 0 to 100 ppm, then the inlet velocity that feeding to the program from 0.087 

to 1.9 m/s, and the outlet pressure feeding to the program from 18.5 to 21 kPa which represent in the 

boundary condition  as shown in Fig.2 to getting the theoretical results from the COMSOL program.          

Pressure and velocity distribution predicted from the results of the program by using the (momentum and 

continuity) equations. These results were used to calculate the shear stress, friction factor, and the drag 

reduction percentage by the equations as:  

                                                                                                                            

Where   i=1, 2, 3 … 

 

DR%= (
       

   
)                                                                                                              

  
 

 
 
             

                                                                                                                 

  (
  

  
) (

 

 
)                                                                                                                      

             Fig.4 obtains from the difference between the total mean pressure value at distance 0.5 m and the 

total mean pressure at distance 5.5 on the pipe for all values of volume flow rate. It has been the pressure 

drop was increased with increasing the velocity. High increasing was noted after the value of velocity 1.7 

m/s. Also, the pressure drop proportional inversely with working fluid concentration. 
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             Fig.5 shows the effect of velocity on wall shear stress for different polymer concentrations in pipe 

flow. It1can be, noted that the wall shear stress increases with increasing the flow velocity and increasing 

with the polymer concentration. The shear stress decreases until reach minimum value 0.034 kPa at 

velocity 0.87 and concentration equal 0 ppm. For 80 mm inside diameter the wall shear stress increases 

with the velocity until reach maximum value 0.0516 kPa at velocity 1.9 m s for flow of pure kerosene at 

temperature 47  C and time of 90 minutes. For polymer added to the flow with concentration 100 ppm the 

wall shear stress drops until value 0.0468 kPa at the same velocity 1.9 m/s. This result was derived from 

the mean pressure gradient which was presented the pressure drop between the distance 0.5 m and 5.5 m. 

This result also was depended on the pipe diameter. These results approximately agreement with the 

theoretical results of (Chung Yin, 2011). FigURE(6) represents the relation between the friction factor 

and velocity. These values were depending upon the values of shear stress through the flow velocity for 

different polymer concentrations and time of 90 minutes with average temperature 47  C. It is shown that 

the friction factor decreases with increasing the velocity, and decreases with increasing additive of 

polymer concentration. It was found at inlet velocity 0.87 m/s and distance 0.5 m a high value of friction 

factor which was about 0.000116 for pure kerosene for polymer concentration 100 ppm the value is 

0.000101. These reduction values were happened through the turbulent flow of the fluid through the pipe. 

It was imposed from 0.0000341 for pure kerosene to 0.0000293 at concentration of polymer 100 ppm. 

This was happened at value of velocity 1.9 m/s. These results approximately agreement with the 

theoretical results of (ChungYin , 2011).    Figures 7 to 9 give the relation between the drag reduction 

with the velocity of the fluid flow for three polymer concentrations 50, 75, and 100 ppm with different 

values of temperature in different intervals time of flow. These figures show that the drag reduction 

percentage increases with increasing the temperature values through different period of flow time. The 

temperature was increased through the flow time. This is due to high friction factor of kerosene and the 

chemical properties of its components. Maximum drag reduction percentage values were calculated at 

polymer concentration 100 ppm as shown in Fig. 9. These results were reported as follow:  t velocity 

value  .87 m s the drag reduction was 12.2  at temperature 35   , to 14  at temperature 5   C.  It was 

about 14.4  at temperature 35    to 16.5  at temperature 5     with velocity 1.55 m s. when the value of 

velocity 1.77 m s, it was 15.7  at 35  C to 17.9 % at temperature 5   C. Finally, at value of velocity 1.9 

m s , it was 16.2  at temperature 35  C to 18.4% at temperature 5   C. These results are confirmed with 

the theoretical results of  (Hadri and Guillou , 2010).   Figure(10) demonstrates that a gradual increasing 

drag reduction percentage with increasing the polymer concentrations for different values of volume flow 

rate at time 90 minutes. It was pointed that the drag reduction increases from 4.2% to 10.9% for polymer 

concentration increasing from 5  to 1   ppm at volume flow rate 2   ℓ⁄min. This figure was exposed that 

the percentage“ of1drag reduction. increases with1increasing of polymer concentration and volume flow 

rate. The drag reduction increases from 5.4 % to 12.8% at volume flow rate 3   ℓ⁄min, while the 

increasing values in drag reduction were 5.9% to 13.9%, and from 6.4% to 15.8% at volume flow rate 

4  , and 5   ℓ⁄min respectively. This result gave a good agreement with theoretical result of (Sher and 

Hetsroni, 2008). 

CONCLUSIONS 

1.  Theoretical analysis was simulated the turbulent flow model inside a circular pipe with different 

concentration of polymer additive and shows the effect on the drag reduction. Using COMSOL 4.4 

package program and using (k-ɛ) turbulent model to solve this analysis. The inlet velocity and the 

outlet pressure are feeding as known parameters in the continuity and momentum equations to get the 

results.   
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2.   The pressure drop and pressure gradient decreases with increasing value of polymer concentration, and 

increases with increasing the flow of kerosene mean velocity. 

4.   The mean velocity of flow increases with distance along the pipe, and also increases with increasing the 

polymer concentration, where the inlet velocity feeding to the program as known parameter. 

5.  The shear stress and friction factor of kerosene flow estimate from the pressure drop that which 

producing from the program results.  

6.  The drag reduction percentage increases with increasing polymer concentration, and mean velocity 

increasing. 

7.  It was found the theoretical results were given more reliable results and were coincided with 

experimental results of (Mohammed, A.J, 2017).   

 

Fig.1 effect the number of mesh element on drag reduction  

 

 

 

 

         

 

 

 

Fig.2 the boundary condition of the pipe 

Table 1 Constants for k-ɛ turbulent model 
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Fig.3 comparison of theoretical COMSOL results with  

results of Shahath for different polymer concentration 

 

 
 

Fig.4  pressure drop with mean velocity for different  

polymer concentration, at time=90 minutes 

 

 
 

Fig.5  shear stress with mean velocity for different  

 polymer concentration  (ppm), at time = 90 minutes 
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Fig.6  friction factor with mean velocity for different  

 polymer concentration  (ppm), at time = 90 minutes 

 

  
 

Fig.7 effect of velocity on drag reduction percentage 

 for different temperature at polymer  C=50ppm 

 

  
 

Fig.8 effect of velocity on drag reduction percentage  

for different temperature at polymer  C= 75ppm 
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Fig.9 effect of velocity on drag reduction percentage  

for different temperature at polymer  C= 100ppm 

 
 

 

 

 Fig.10 drag reduction with polymer concentration 

for different velocity, at time = 90 minutes 
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